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A NOTE ON RECURRENCE RELATIONS BETWEEN EXPECTED
VALUES OF FUNCTIONS OF ORDER STATISTICS

By . R. Kususatane ano M. Hasges Ruv!
Acrdsy  © Rescarch Laboratories, Wright-Palterson. AFB

1. Summary. 'In this note, some recurrence relations are derived between
the expected values of functions of order statisties from any arbitrary distribu-
tion with continuous cumulative distribution function (cdf). ‘These recurrence
relations are closely related to some results obtained by Srikautan (2],

2. Some recurrence relations. Suppose X has an arbitrary distribution with
a continuous cdf F(x) and A(-) is a specified function such that FA(X) exists.
Let Xi.. denote the Ath (1 =< k& £ n) ordor statistic in a random sample of
size n from the distribution with c¢df #'(x). Then we have the following theorem:
THeOREM. For 1 £ k £ m £ n,
(2.1) Eth(Xem) = (F) 2tm0 (= D*Ck/(k ~ NG/ (FET)IE R Xcr i)

0sishk-—1,
and also

Eh(Xx.m)
(22) = ()2l (=DR/K + NIE/CENER X eyamesi ),
0jsm-—k
Proor. Jet G(u) = 1 — F(u) for all u and let f denote the integral over the
entire reai line. Thenforl S b sm g vand0 s i =2k -1,
Eth(Xew)) = k(@) [ R — G, {1 = G} ™6™ () dF ()
(2.3) = k(F) Dotmo (= DD [ RQOF M) {1 = Flu)}™ ™" dF(u)
= (M Tt (= DR/ = NIO/CENEI X b meai )]
Also,for 1 Sk E=mSnand0 5SS m— &,

EIR(Xe )} = KT [hOFG) I — POOPIE — FQ)™ ™ dF(u)
(2.4) = A Do (= 1C) [ A F* )1 ~ Fu)})™ ™ di ()
= (1) Do (= DRk + DIC)/CHINE R Xiyam- e -

It should be painted out that formulae (5) and (6) of Srikantan 2] are equiv-
alent respeetively to (2.1) with /= 1 and (2.2) with j = m — k. The recur-
rencerelations between the moments, between the moment generating functions
aud between the characteristic functions of the order statistics ean be obtained
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real) and A(u) = exp {(~1)}u}, (¢ real) respectively. Similarly by letting ()
= bLif we(—o,x)and h(u) = 0 otherwise, (2.1) and (2.2) yield recurrence
relations between edf’s of order statisties. These in turn lead to results con-
necting pdf's (provided densities exist). Srikantan 2] makes some similar re-
marks for his results. He also discusses the interrelation between the results like
(2.1) and (2.2) and those available in the literature. For the problen of gamma
order statistics, (2.2) was proved in [1] when A(u) = u".

from (=15 and (2.2) by setting A(u) = u" (r = 1,2, .. ), h(u) = exp {tv], (¢
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